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Abstract. If r is a discrete subgroup of PSL(3, C) , it is determined the 
equicontinuity region Eq(V) of the natural action of F on Pp. It is also 
proved that the action restricted to Eq(T) is discontinuous, and Eq(T) 
agrees with the discontinuity set in the sense of Kulkarni whenever the 
limit set of F in the sense of Kulkarni, A(r), contains at least three lines 
in general position. Under some additional hypothesis, it turns out to 
be the largest open set on which F acts discontinuously. Moreover, if 
A(r) contains at least four complex lines and F acts on without fixed 
points nor invariant lines, then each connected component of Eq(T) is 
a holomorphy domain and a complete Kobayashi hyperbolic space. 

Introduction 

The study of the dynamics of discrete groups of automorphisms of P^ is 
in its childhood, and one of the first basic problems is understanding how 
the various possible notions of "limit set" relate among themselves. This is 
the main topic of this article. 

If r C PSL(2,C) is a classical Kleinian group, then its limit set A is 
defined as the set of accumulation points of the T orbits in Pj. S 2 . Well 
known arguments show that A is independent of the choice of orbit, whenever 
r is non-elementary, and its complement f2 in is the largest discontinu- 
ity domain. Moreover, f2 coincides also with the region of equicontinuity, 
admits a complete metric and volume which are invariant under the action 
of r, facts which are essential for defining the Patterson-Sullivan measure 
for Kleinian groups (see for instance [6j [9]). When we go look at discrete 
subgroups of PSL(3,C) acting on P^, there are examples where the action 
on the complement of the set of accumulation points of the orbits is neither 
discontinuous nor equicontinuous. There are also examples (see [3]) where 
there is a largest discontinuity set but it does not agree with the equiconti- 
nuity set. Hence it seems that there are different notions of "limit set" for 
discrete subgroups of P5L(3,C) acting on P^. 

For discrete actions in general topological spaces there is a notion of limit 
set due to Kulkarni, see [3j, which has the important property of granting 
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that the action on its complement is discontinuous and in the case of confor- 
mal automorphisms of the ra-sphere § n agrees with the usual notion of limit 
set. In [8] there are some interesting families of projective groups and 
their limit set in Kulkarni's sense. Later in the articles [SHU [5], the authors 
provide sufficient conditions, for particular subgroups T of PSL(3,C), to 
grant that the equicontinuity set and Kulkarni's discontinuity region, O(r), 
agree. It was also shown that, in such particular case, is the largest 

discontinuity set. 

One of the goals of this paper is the following: 

Theorem 0.1. LetT C PSL(3,C) be a discrete group, then the equicontinu- 
ity set of r is a discontinuity region. Moreover, if U is an open T invariant 
subset with at least three lines in general position lying on its complement, 
then U is contained in the equicontinuity set ofT. Furthermore, if Kulkarni's 
limit set A(r) contains at least three lines in general position, then Kulka- 
rni's discontinuity region 0,(T) = P^.\A(T) is equal to the equicontinuity set 
of the group T. 

In section Owe split the Theorem 10.11 in three parts: Theorem 12. 44 The- 
orem 12.51 and Theorem 12.61 The proofs of these theorems rely on pseudo- 
projective maps, which provide a compactification of the non-compact Lie 
group P5L(3,C). 

Kulkarni's limit set A(T), for a subgroup T of PSL(3,C) acting on P^, 
may seem a complicated object at first sight. However, when T = (a) is a 
cyclic group, generated by the element a E PSL(3,C), then the limit set of 
this cyclic group, denoted A(a), can be found (see [5]) and it is one of the 
following (according to the Jordan canonical form of a): 

• The empty set, 

• all of P£, 

• one single complex line, 

• one complex line and one point, 

• two distinct complex lines. 

In section [3l we define the set C(T) = U 7g rA(7) and we prove the following: 

Theorem 0.2. Let V C PSL{3, C) be a discrete group, if the number of 
complex lines in general position in A(T) and C(T) is at least three, then 

A(r) = C(T)= (J A( 7 ), 

and A(r) is the union of complex lines. Moreover the discontinuity region 
according to Kulkarni, fi(r), agrees with the equicontinuity set. Further- 
more, when r acts on P^ without global fixed points, then is the largest 
open set where V acts properly and dis continuously. 

If T C PU(2, 1) is a discrete subgroup, then T acts on the complex hy- 
perbolic plane by isometries. In this case, the limit set according to 
Chen- Greenb erg of T is obtained as the set of accumulation points, in dWf,, 
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of the T-orbit of any point in H^. Also, it can be obtained as the closure 
of the set of fixed points of non-elliptic elements in T. When we consider 
the action of T in P^, the Kulkarni's limit set A(T) is given in the following 
way (see [1]): Let Fp be the set of points p € dW^, such that there exists 
a non-elliptic element 7 G T that satisfies -yp = p. In what follows, (P^)*, 
denotes the space of complex lines in P^. If £ (T) denotes the subset of (P^)* 
consisting of those complex lines tangent to dW^, at points of -Fr, then 

A ( r ) = U i = ~[]~i- 

Moreover, when I € £ (r), the closure of the T-orbit of the complex line I 
in (P^)* is equal to £ (T). In other words, the action of T in the set of lines 
£(T) is minimal. 

Let T C PU(2, 1) be a discrete subgroup such that A(T) = \M^, then 
there exist complex lines contained in A(T) not belonging to £(r), so that 
£(T) gives us a canonical choice of lines to describe the limit set A(T) as 
a union of lines. In section [31 we prove the following generalization of the 
main theorems in [H [1] : 

Theorem 0.3. Let T C PSL(3,C) be an infinite discrete subgroup, without 
fixed points nor invariant lines. Let £(T) be the subset of (P^)* consisting 
of all the complex lines I for which there exists an element 7 G T such that 
/cA( 7 ). 

a) Eq(T) = £l(T), is the maximal open set on which T acts properly 
and dis continuously. Moreover, if £(T) contains more than three 
complex lines then every connected component of Q(T) is complete 
Kobayashi hyperbolic (compare with [1]^. 

b) The set 

A(r)=XH= U 1 = U Mi) 

is path- connected. 

c) // £(T) contains more than three lines, then £(T) C (P^)* is a 
perfect set. Also, it is the minimal closed T-invariant subset of 

1. Preliminaries and Notation. 

1.1. Projective Geometry. We recall that the complex projective plane 
P^ is defined as the quotient space 

(C 3 \{(0,0,0)})/C*, 

where C* = C\ {0} acts on C 3 \{(0, 0, 0)} by the usual scalar multiplication. 
This is a complex 2-dimensional Riemannian manifold which is compact, 
connected and is naturally equipped with the Fubini-Study metric. Let [ ] : 
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C 3 \ {(0, 0, 0)} — > Pj^ be the quotient map. If j3 = {ei, e%, e^} is the standard 
basis of C 3 , we write [ej] = ej and if w = (wi,W2,W3) G C 3 \ {(0, 0, 0)} then 
we write [w] = [w\ : W2 : W3]. Also, the set I C P^ is said to be a complex 
line if [l]^ 1 U {(0, 0, 0)} is a complex linear subspace of dimension 2. Given 
two distinct points p,g£P^, there is a unique complex line passing through 
p and q, such line is denoted by p^q. 

Any 2-dimensional complex vector subspace of C 3 can be expressed as the 
set of points (z±, Z2,z%) satisfying an equation of the form Az\ + Bz2 + Cz% = 
0. Conversely, any element (A,B,C) € C 3 \ {(0,0,0)} defines, up to a 
non-zero scalar multiple, the 2-dimensional complex vector subspace of C 3 
consisting of the points (zi, 22, £3) such that Az± + Bz2 + Czz = 0. In this 
way, the space of complex lines in P^, denoted by (P^)*) can be identified 
with 

Consider the action of Z3 (the cubic roots of the unity) on SL(3, C) 
given by the usual scalar multiplication, then PSL(3,C) = SL(3, C)/Z3 
is a Lie group whose elements are called projective transformations. Let 
] : SL(3, C) — > PSL(3, C) be the quotient map, we say that 7 G GL(3, C) 
is a lift of 7 € PSL(3,C) if there is a cubic root r of (Det^)) -1 such 
that [r7] = 7, also, we will use the notation (7^) to denote elements in 
SL(3, C). One can show that PSL(3, C) is a Lie group that acts transitively, 
effectively and by biholomorphisms on P^ by [7]([w]) = [7(^0] ; where w € 
C 3 \ {(0,0,0)} and 7 £ SL(3, C). Also it is well known that projective 
transformations take complex lines into complex lines. Moreover, if the 
complex line I G (P^)* is represented by [A : B : C] and 7 = [7] € PSL(3, C), 
then j (I) G (P^) is represented by [(A, B, C)^ 1 ]. 

1.2. Kulkarni's Limit Set for Subgroups of P5L(3,C). The Kulkarni's 
limit set is defined for actions of groups on very general topological spaces 
(see [3]), but we restrict our attention to subgroups of PSL(3,C) acting on 
P£. Let T C PSL(3,C) be a subgroup: 

(i) Lq(T) is defined as the closure of the points in P^. with infinite 
isotropy group. 

(ii) Li(T) is the closure of the set of cluster points of the T-orbit of the 
point z, where z runs over P^ \ Lq(F). 

Recall that q is a cluster point for the family of sets {j(K)} 7G r, 
where K ^ is a subset of P^, if there is a sequence (km)meH C 
K and a sequence of distinct elements (7 m ) m eN C V such that 



(iii) L2(T) is the closure of cluster points of the family of compact sets 
{7(-ftT)} 7g r) where K runs over all the compact subsets of Pj^ \ 
(ioCT)ULi(T)). 

(iv) The Limit Set in the sense of Kulkarni for T is defined as: 



A(i) = i (r)uL 1 (i)uL 2 (r). 
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(v) The Discontinuity Region in the sense of Kulkarni of T is defined 
as: 

n(r) = p£\A(r). 

We say that T is a Complex Kleinian Group if f2(r) 7^ 0, see [7]. The 
following proposition is obtained from [3]. 

Proposition 1.1. Let V C PSL(3,C) be a complex Kleinian group. Then: 

(i) r is discrete and countable. 

(ii) A(r), Lo(r), Li(r), ^2(r) ore closed T -invariant sets. 

(iii) r acte dis continuously on Q(T). 

As the reader can notice, the computation of the limit set A(r) can be 
very complicated. The following lemma (see [5]) helps us in the task of the 
computation of L2(T). 

Lemma 1.2. Let T be a subgroup of PSL(3, C). // C C P 2 - is a closed 
set such that for every compact subset K C P 2 - \ C , the cluster points of 
the family of compact sets {^(K)}^^ are contained in Lq(T) U Li(T), then 
L 2 (T) C C. 

In what follows, the limit set of the cyclic group (7) will be denoted A (7). 

The non-trivial elements of PSL(3, C) can be classified as elliptic, para- 
bolic or loxodromic (see [5]): 

The elliptic elements in PSL(3, C) are those elements 7 that have a lift 
to SL(3, C) whose Jordan canonical form is 

e idl \ 
e ie2 
e i9s ) 

The limit set A(7) for 7 elliptic is or all of Pj^ according to whether the 
order of 7 is finite or infinite. It is the appropriated moment to remark that 
those subgroups of PSL(3, C) containing an elliptic element of infinite order 
cannot be discrete. 

The parabolic elements in PSL(3, C) are those elements 7 such that the 
limit set A(7) is equal to one single complex line. If 7 is parabolic then it 
has a lift to SL(3, C) whose Jordan canonical form is one of the following 
matrices: 

1 1 \ / 1 1 \ / e 2mt 1 \ 
10,011, e 2 ™* , e 2mt ^ 1 
1/ \0 1/ \ e" 4 ™ 4 / 

In the first case A(7) is the complex line consisting of all the fixed points 
of 7, in the second case A(7) is the unique 7-invariant complex line. In the 
last case A(7) is the complex line determined by the two fixed points of 7. 
There are four kinds of loxodromic elements in PSL(3,C): 
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The complex homotheties are those elements 7 € PSL(3, C) that 
have a lift to SX(3, C) whose Jordan canonical form is 

AO \ 
OA , |A|^1, 
A- 2 J 

and its limit set A(7) is the set of fixed points of 7, consisting of a 
complex line and a point. 

The screws are those elements 7 € PSL(3, C) that have a lift to 
SL(3, C) whose Jordan canonical form is 

AO \ 

M , A^/i, |A| = ^ 1, 
(A/,)- 1 J 

and its limit set A(7) consists of the complex line, I, on which 7 
acts as an elliptic transformation of PSL(2, C) and the fixed point 
of 7 not lying in /. 

The loxoparabolic elements 7 £ PSL(3, C) have a lift to SL(3, C) 
whose Jordan canonical form is 

A 1 \ 
OA , |A|^1, 
A- 2 J 

and the limit set A(7) consists of two 7-invariant complex lines. 
The element 7 acts on one of these lines as a parabolic element of 
PSL(2, C) and on the other as a loxodromic element of PSL(2, C). 
The strongly loxodromic elements 7 G PSL(3, C) have a lift to 
SL(3, C) whose Jordan canonical form is 



I Ai| < IA2I < I A3 



This kind of transformation has three fixed points, one of them is 
attracting, other is repelling and the last one is a saddle. The limit 
set A(7) is equal to the union of the complex line determined by 
the attracting and saddle points and the complex line determined 
by the saddle and repelling points. 

Theorem 1.3. [2] Let T C PSL(3,C) be a discrete and infinite group then 

(i) there exists 70 G T such that 70 has infinite order, 

(ii) 7/r acts properly and dis continuously on U C P 2 -, then at least one 
of the complex lines in A(7o) ; is contained in P 2 ^ \ U. In particular, 
there exists a complex line Iq such that Iq C A(7q) and Iq C A(T). 
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2. Pseudo-Projective Maps and Equicontinuity. 

We denote by M3 X 3(C) the space of all 3 x 3 matrices with complex entries 
equipped with the standard topology. The quotient space 

(M 3x3 (C) \ {0})/C* 

is called the space of pseudo-projective maps of and it is naturally iden- 
tified with the projective complex space P^. Since GL(3,C) is an open, 
dense, C*-invariant set of M3 X 3(C)\{0}, we obtain that the space of pseudo- 
projective maps of is a compactification of PSL(3, C). As in the case of 
projective maps, if s 6 M3 X 3(C) \ {0}, then [s] denotes the equivalence class 
of the matrix s in the space of pseudo-projective maps of P^. Also, we say 
that s € M 3x3 (C) \ {0} is a lift of the pseudo-projective map S, whenever 
[s] = S. 

Let S be an element in (M 3x3 (C)\{0})/C* and s a lift to M 3x3 (C)\{0} of 
S. The matrix s induces a non-zero linear transformation s : C 3 — > C 3 , which 
is not necessarily invertible. Let Ker(s) C C 3 be its kernel and let Ker(S) 
denote its projectivization to P^, taking into account that Ker(S) := 
whenever Ker(s) = {(0,0,0)}. Then S can be considered as a map 

S:F 2 c \Ker(S)^P 2 c 

S([v}) = [s(v)}; 

this is well defined because v ^ Ker(s). Moreover, the commutative diagram 
below implies that S is a holomorphic map: 

C 3 \ Ker(s) ^ C 3 \ {(0, 0, 0)} 

[ 1 I 1 

P^ \ Ker(M) P* 

The image of S, denoted Im(S), is defined as the subset of P^ given by 

Im(S) := [ S (C 3 )\ {(0,0,0)}], 

and we have that 

dim c {Ker(S)) + dim € (Im(S)) = 1 . 

Definition 2.1. The equicontinuity set for a family T of endomorphisms of 
Pj^, denoted Eq^J 7 ), is defined to be the set of points z € P^ for which there 
is an open neighborhood U of z such that {f\u : / £ J 7 } is a normal family 
(where normal family means that every sequence of distinct elements has a 
subsequence which converges uniformly on compact sets). 

It is not hard to see that Eq(~F) is an open set and, in the particular case 
when the family T consists of the elements of a group T C PSL(3,C), the 
equicontinuity set Eq(T) is T-invariant. The following lemma helps us to 
relate the equicontinuity set of a discrete group T C PSL(3, C) to the set of 
pseudo-projective maps obtained as limits of the elements of T . 
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Lemma 2.2. Let {j n ) be a sequence of elements in PSL(3,C), then there 
exists a subsequence, still denoted {"in), and a pseudo-projective map S such 
that: 

1) The sequence ( 7n ) converges uniformly to S on compact subsets of 
¥l\ Ker(S). 

2) // Im{S) is a complex line, then there exists a pseudo-projective 
map T such that 7" 1 — > T uniformly on compact subsets o/P^ \ 

Ker(T). Moreover, Im(S) = Ker(T) and Ker(S) = Im(T). 

3) // Ker(S) is a complex line, then there exists a pseudo-projective 
map T such that 7" 1 — > T uniformly on compact subsets o/P^ \ 

Ker(T) and Im(S) C Ker(T). Moreover, if I is a complex line not 
passing through Im(S) then the sequence of complex lines 7 n ~ 1 (0 
goes to the complex line Ker(S) as n — >■ oo. 

Proof 1) For every n G N, let g n = (gff) be a lift to GL(3,C) of j n . 
The unitary ball in Mat3 X s(C) = C 9 with respect to the norm ||g||oo = 
^maxjgjj |, is a compact set. It follows that the sequence g n = — has a 

subsequence, still denoted g n , such that g n — > s £ Mat3 X 3(C), as n — > oo. 
We remark that s ^ 0. Now, if K is a compact subset of P^. \ Ker(S), we 
consider the sets C = {v € C 3 \ {(0,0,0)} : [v] G K} and K = {u/||t;|| € C 3 : 
v G C}. We notice that K is a compact subset of C 3 \{(0, 0, 0)} and [K] = K. 
Since g n — > s uniformly on K we obtain that j n = [gn] — > [si = 5 
uniformly on i^. 

2) For every n G N, let g n = (^ n) ) be a lift to GL(3,C) of 7n . We 
can assume that g n — > s as n — >■ oo, where s is a lift to Mats x s(C) of the 
pseudo-projective map S. The cofactor matrix of g n , denoted co/(g n ) is a 
lift to GL(3, C) of 7 n " 1 . Since the computation of the cofactor matrix is a 
continuous function of the matrix entries, we have that co/(g n ) — > co/(s) 
as n — s- oo. It follows that 7" 1 converges to the pseudo-projective map 
[co/(s)] := T uniformly on compact subsets of P^ \ Ker(T). 

The matrix s may have the following Jordan canonical forms. 

Ai \ / A 3 1 \ 

A 2 , A 3 ,Aj / for j = 1,2,3. 
00/\0 00/ 

In both cases the matrix co/(s) is equal, up to conjugation, to 

^0, 




and the proof of 2) follows from a straightforward computation. 
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3) By part 1) we can assume that 7" converges to a pseudo-projective 
map T uniformly on compact subsets of ¥^\Ker(T). We proceed by contra- 
diction and we assume that Im{S) is not contained in Ker{T). By hypoth- 
esis, Ker(S) is a complex line, so that Im(S) consists of one single point 
denoted by p, and p ^ Ker(T). Now, if x € P^ \ Ker(S) then S(x) = p, it 
follows that ^/n(x) — > S(x) = p. Since p ^ Ker(T), we can assume that 

n— >oo 

the compact set {"inix) '■ n £ N} U {p} is contained in \ Ker(T). Hence 
x = "fn 1 (ln(%)) — ► which contradicts the fact that T is a function 

n— >oo 

defined on P^ \ Ker(T). Therefore, Im(S) C Ker(T). 

For every n G N, let g n = be a lift to C7L(3,C) of 7„. We can 

assume that g n — > s G Mat3 X 3 as n — )• 00, and [s] = 5. Without loss of 
generality we can assume that 

/ 
s= 
\ 1 

In this case Ker(S) = et7e2 is precisely the set of points in Pj^ that satisfy 
the equation 0z\ + OZ2 + I213 = 0, then the line Ker(S) can be identified 
with [0:0: 1]. Now, if Z is a complex line not passing through Im{S) = [e%\ 
then I can be identified with [A : B : C], C 7^ 0. It follows that the complex 
line 7 r ^ 1 (Z) is identified with 

[(A,B,C)(g- 1 )- l ] = [(A,B,C)g n ], 

which implies that the sequence of complex lines 7^~ 1 (Z) converges to the 
complex line identified with 

[(A,B,C)g} = [0:0:C] = [0:0:1], 

and this line is Ker(S). □ 

Lemma 2.3. Let (7 n ) n gN C PSL(3,C) be a sequence that converges uni- 
formly to the pseudo-projective map S on compact subsets o/P^ \ Ker(S). 
Then 

Eq{j n : n € N} = PJq \ Ker(S). 

Proof. The inclusion P^ \ Ker(S) C Eq{j n : n € N} is obtained from part 
1) of Lemma E2J 

Now, we split the proof in two cases according to whether Ker(S) is a 
point or a complex line. 

If Ker(S) is a point, denoted k, then Im(S) is a complex line, and given 
two distinct points p and q in Im(S), there exist points p' and q' arbitrarily 
close to k such that S(p') = p and S(q') = q implying that S cannot be 
extended to a continuous function in a neighborhood of k, which implies 
k i Eq{-f n : n G N}. Therefore Eq{-f n : n £ N} C P£ \ Ker(S). 

Now, let us assume that Ker(S) is a line, and let p be a point in Ker(S) \ 
Im(S), we must prove that p ^ Eq{^ n : n 6 N}. We choose a complex line 
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l\ different from Ker(S) and passing through p. Since (P^)* is a compact 
space, we can assume that there exists a complex line h such that 7n(^l) 
converges to I2 as n — > 00. Given that 7 n — > S and Im(S) is a point 

denoted q, we have that q lies in I2. 

If q' is any point in I2 \ {q} then there exists a sequence of points x n in £1 
such that ^ n {xn) — > q' as n — > 00. Since Zi is compact, we can assume that 
there exists a point x G /1 such that x n — > x as n — > 00. We notice that 
x G Ker(S) because otherwise we can assume that {x n : n G N} is a compact 
subset of P^ \ Ker(S), then 7 n (x n ) — > q as n — > 00, so that q = q', which is 
absurd. Hence x = p, then x n — >• p and 7 n (x ra ) q' ^ q, which implies that 
p £ Eq{~j n : n G N}. It follows that Ker(S)\Im(S) C £<7{7n : n G N}, since 
the equicontinuity set is an open set, we have that Ker(S) C P^ \ Eq{^ n : 
n G N}. Therefore, P£ \ Ker(S) = Eq{j n : n G N}. □ 

Theorem 2.4. Let T C PSL(3,C) be a discrete group then V acts properly 
and dis continuously on the open T -invariant set Eq(T). 

Proof. By contradiction, let K be a compact subset of Eq(T) such that there 
exists a sequence (7 n ) of distinct elements of V that satisfy ~f n {K) DK ^ 0. 
For every n G N there exists k n £ K such that 7n(fc n ) € Without loss 
of generality we can assume that £;„ — > k £ K and 7 n (&n) — ► k £ K. 

n— >oo n— >oo 

Without loss of generality, we can assume, by lemma 12.21 1), that there 
exists a pseudo-projective map S such that 7„ — >• S uniformly on compact 

subsets of P£ \ Ker(S). Since K C Eq(T), the lemma 12.31 implies that 
K C P?. \ ifer(S). Asi que 7J&J — >■ 5(fc) then 5(Jfe) = /e G K which 

n— >oo 

means that n G Im(S). 

The Lemma [2.21 implies that there is a pseudo projective map T such that 
Im(S) C Ker(T), and the Lemma ES implies that Ker{T) C P^ \ £<?(T). 
Hence k G Im(5) C Ker(T) C P^ \ Eq(T), which contradicts that K C 
Eq(T). Therefore T acts properly and discontinuously on Eq(T). □ 

Theorem 2.5. 7/T C PSL(3, C) zs a discrete group, and U is a Y -invariant 
open subset of P^ such that F^\U contains at least three complex lines in 
general position, then 

U C Eq(T). 

Proof. It suffices to prove that Ker(S) C P^ \ U, whenever S is a pseudo- 
projective map which is the limit of a sequence (7 n ) n eN C T. 

If Ker{S) is a point, denoted p, then Im(S) is a complex line. Moreover, 
there exists a pseudo-projective map T such that 7" 1 goes to T, as n — > 00, 
uniformly on compact subset of P^ \ Ker(T), such that Ker(S) = Im(T) 
and Im(S) = KeriT). There is a complex line l\ 7^ Ker{T) such that 
h C Pp\ C7. It follows that 7~ 1 (x) goes to p as n — >■ 00 for every point 
x G l\ \ Ker(S), which implies that p G P^. \ U (because U is a T-invariant 
open set). 
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If Ker(S) is a complex line, then there exists a complex line l\ not passing 
through Im{S) and contained in P^ \ U, because \ U contains at least 
three lines in general position. By the Lemma 12.21 part iii), 7^~ 1 (/i) goes to 
Ker(S), as n — > oo, which implies that Ker(S) C P|< \ U. □ 

Theorem 2.6. Let T C PSL(3, C) be a discrete subgroup such that A(T) 
contains at least three lines in general position, then 

O(r) = Eq(T). 

Proof. By Theorem E20 we have that L (T) n Eq(T) = = Li(T) D Eq(T). 
Now we prove that -Z^CO C\Eq(T) = 0. Let us denote by C the complement 
of Eq(T) in Pjj^, and let K be a compact subset of P^\C = Eq(T). By Lemma 
11.21 it suffices to prove that the accumulation points of the orbit of K are 
contained in L$(T) ULi(T). Let x be one of such accumulation points, then 
there exists a sequence, k n , of points in Eq(T) such that k n — >■ k 6 Eq(T) 
as n — > oo, and there is a sequence 7„ of different elements in T, such that 
"fn(k n ) — > x, as n — > oo. By the Lemma 12.21 we can assume that there exists 
a pseudo-projective map S such that 7 n goes to S, as n — > oo, uniformly on 
compact subsets of P^ \ Ker(S). We have two cases according to whether 
Ker(S) is a point or a complex line. 

If Ker(S) is a complex line, then the Lemma 12.21 iii) implies that {k n : 
n e N} U {k} C Eq(T) C P^ \ Ker(S). Thus, 7„(/c„) x implies that 
ln{k) — >• -S^/c) = x, and given that A: 6 EqiT) C P^ \ -^o(r), we deduce that 
i€Li(T). 

If Ker(S) is a point then ({A; n }U {/conifer (S) = because {/c n }U{A;} C 
-E<7(r), and the proof follows as in the former case. 

Therefore L 2 (T) n Eq(T) = 0, then Eq(T) C O(r). The proof of the 
reverse inclusion follows easily from the Theorem 12.51 □ 

3. A(r) IS UNION OF COMPLEX LINES 

In this section T C PSL(3,C) is a Complex Kleinian Group, and C(T) 
denotes the set 

c(r) = LJa( 7 ) 

7er 

Lemma 3.1. If A(T) has at least three complex lines in general position, 
then A(7) C A(T) for every 7 £ T. In particular, C(T) C A(T). 

Proof. Let 7 be an element in T. 

There are three cases depending on whether 7 is elliptic, parabolic or 
loxodromic ([5]) 

(1) If 7 elliptic then A(7) = and the result follows immediately. 

(2) If 7 es parabolic, then we have three subcases: 
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(i) We can assume, without loss of generality, that 7 has a lift given by 
the matrix. 

110 
10 
1 

then A( 7 ) = Lo( 7 ) = t^ 2 C L (r) C A(r). 

(ii) We can assume, without loss of generality, that 7 has a lift 7 which 
has the form 

110 

1 1 

x 1 

It follows that, for any n G N, 

1 n 

i" - I 1 n 

If A( 7 ) = e±, &2 is not contained in A(r), then there exists z G C such 
that [z : 1 : 0] G fl(T). Let w be any complex number, then the sequence 
a n (w) := [z : 1 : n G N tends to [z : 1 : 0] as n -> 00. Thus, for 

A^ > large enough (A" depends on we have that {a n (w)) n ^N C fi(r) 
for all n > N. We note that 

n/ x r 2w — (n + l) 2(w-n) 

7 n a n = [z + «; : v — '- : -) -f — ► -z - w : 1 : . 

n — 1 n(n — 1) n-»oo 

Hence, [— z — w : 1 : 0] G A(r), and taking u; = — 2z we obtain a contradic- 
tion. Therefore, A( 7 ) C A(r). 

(iii) We can assume, without loss of generality, that 7 has a lift 7 of 
the form: 

A 1 
7= I A I , |A| = 1. 

A" 2 

We proceed by contradiction. Let's assume that A (7) = ei7e3 is not con- 
tained in A(r), then there exists z G C such that [z : : 1] G f2(T). We note 
that a n := [z : 1/n 2 : 1] — > [z : : 1], so that for A" > large enough, we 

have that {a n ) n ^N C f2(r) for all n> N . The sequence, 

7 > n ) = [zA n + -A^ : ^ : A~ 2n ] = [z\ 3n + : ^ : 1], n > N, 

has cluster point \z : : 1] which implies that [z : : 1] G A(T), a contradic- 
tion. 

(3) If 7 is loxodromic, we have four subcases: 
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(i) If 7 has a lift 7 whose normal Jordan form is: 

|Ai| < |A 2 | < |A 3 |, 





then we can assume that 7 is such matrix. It follows that A(7) = e±,e2 U 
e2, e3, and the lambda- lemma implies that 

et7e2 C A(r) 6 e^e 3 C A(r). 

Let's assume, without loss of generality, that e|7e2 C A(r), then there exists 
I C A(r) such that I does not pass through the point [1:0:0] (because A(T) 
contains at least three complex lines in general position). We note that the 
sequence of complex lines j n (l) goes to the complex line e 3 as n —> 00, 
therefore e2,e 3 C A(T). 

(ii) If 7 has a lift 7 whose Jordan normal form is 



IA1I7U, 



then we can assume that 7 is such matrix. In this case A(7) = Lo(t) C 

L (r) c A(r). 

(hi) If 7 has a lift 7 whose Jordan normal form is 

|Ai| = |A 2 | < |A 3 |, 

then we can assume that 7 is such matrix, so that 

A( 7 ) = et^ 2 U {[0 : : 1]}. 

Let I be a complex line contained in A(r) not passing through [0:0:1] then 
7 _n (£) is a sequence of complex lines that tends to the complex line e±,e2 
as n tends to 00, which implies that e[, e 2 C A(r). Moreover, j n (z) — > 

n— s-oo 

[0:0:1] whenever z G P£\ e^e 2 - Therefore [0 : : 1] € A(r). 
(iv) If 7 has a lift 7 whose Jordan normal form is 



|A| < 1, 



then we can assume that 7 is such matrix, in this case, A(7) = e±, e 2 Uei, e 3 . 
We have that 





A™ 


n\ n - 1 



















X -2n 



7" = A n , n € N. 
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Let's assume that e±, e 2 is not contained in A(T), then there exists z £ C 
such that [z : 1 : 0] £ fi(r). If w is a non-zero complex number, then the 
sequence [wz : w : reA 3n_1 ] tends to [2:1:0] as n — > oo. Moreover 

„ \3n— 1 

7 "([z:l: ]) — > [«; : : 1], 

W n— >oo 

which implies that the complex line e\,e 3 is contained in A(T). 

Now, assuming e\,e2 C A(r), let Z be a complex line different from e^~e 2 , 
which is contained in A(T) and does not pass through [0:0:1], then Z has 
an equation of the form 

Azi + Bz2 + Cz% = 0, \A\ 2 + \B\ 2 / 0,C ^ 0. 

It is not hard to check that 7 ra (Z), n £ N has an equation of the same kind, 
with coefficients (A'(n), B'(n), C'(n)) given by the equation 




A n 


nA™" 1 


o \ 




-i 







A™ 







1 i 










A -2n y 









Thus, (A'(n),B'(n),C'(n)) = (\- n A,\- n B - nA -B-1 A, A 2n C), in other 
words, 

(A'(n), B'(n), C'(n)) = (i,B- nA^A, A 3n C), 
it follows that 7 n (Z) — > e\, e^, which implies that e[, e 3 C A(r). 

n— >oo 

If ei, e3 C A(r), let us take a line Z contained in A(r) not passing through 
[0:0:1], then Z has an equation of the form 

Azi + Bz 2 + Cz 3 = 0, C + 0. 

It is not hard to check that j~ n (l), n £ N has an equation of the same kind, 
whose coefficients (A'(—n),B'(—n),C'(—n)) are given by the equation 

A'(-n) \ ( \ n \ / A 
B'(-n) = nA™- 1 A n J I B 
C'(-n) J \ \- 2n J \ C 

Thus (A'(-n),B'(-n),C'(-n)) = {X n A, n\ n ~ l A + \ n B, A~ 2n C), equiva- 
lently, 

(A'(-n), B'(-n), C'(-n)) = (A 3n A, nA 3 ™^ + X 3n B, C), 
since [A| < 1 we have that 7~ n (Z) — > ei,e 2 , which implies that e±, e 2 C 

n— »oo 

A(r). □ 

Proof of Theorem \0.2l First, we notice that Theorem 12.51 implies that P 2 ^ \ 
C(T) C Eq(T), because P^\C(r) is a T-invariant open set and C(T) contains 



at least three complex lines in general position. It follows from Theorem 
that P 2 - \ C(r) C Eq(F) = Q(T). Therefore F acts properly and discontinu 
ously on P 2 . \ C(T) and A(r) C C{T). 



THE LIMIT SET OF DISCRETE SUBGROUPS OF PSL(3,C) 



15 



Given that A(r) contains at least three complex lines in general position, 
the Lemma 13 . 1 1 implies that C(T) C A(T). 

In order to prove that C(T) is a union of complex lines, it suffices to check 
that for every p E U 76 rA(7), there exists a complex line contained in A(T) 
passing through p. Hence, let us assume that p £ A(7) for some 7 € T. We 
need only to consider the case when A(7) consists of one complex line / and 
one point q £ I. If p 6 I then there is nothing to prove. If p = q then there 
exists a complex line l\ C A(T), l\ ^ /, so when n — > 00, j n (h) or 7~ n (7i) 
goes to a complex line passing through p and contained A(T). 

Since C(T) contains three complex lines in general position and T has 
no fixed point, there exist three complex lines h,h,h and three elements 
71,72,73 € r such that l\ C A(7i), h C A(72), Is C A(73). Now, let U be a 
T-invariant open subset of P^ on which T acts properly and discontinuously. 

If 71,72,73 are pairwise different, then, by Theorem 11.31 we can assume 
h,l2,kcF%.\ U. It follows from Theorems [23] and EES that U C Eq(T) = 

n(r). 

If 71,72,73 are not pairwise different, then without loss of generality we 
can assume that 71 ^ 72 = 73- By Theorem 11.31 we can assume that l\ C 
P 2 \U and at least one of the lines I2 or I3 is contained in \ U, therefore 
Pp \ U contains at least two complex lines in general position. If there were 
not more than two complex lines in general position contained in P^ \ U, 
then the intersection point of l\ and I2 or the intersection point of l\ and I3 
would be a T-fixed point, and it cannot happen. Therefore P^ \ U contains 
at least three lines in general position, and it follows from Theorems 12.51 and 



In what follows, we only consider groups T C PSL(3,C) whose action on 
Pj- have no fixed point nor invariant lines. 

Lemma 3.2. IfTc PSL(3,C) is a infinite discrete group, having no fixed 
points nor invariant lines then C(T) n A(T) contains at least three complex 
lines in general position. 

Proof. Given that T C PSL(3, C) is an infinite and discrete group, by Theo- 
rem [L3l there exists an infinite order element 70 6 T, and one complex line, 
?o, such that Iq C A(7o) C C(T), and Iq C A(T). Since Iq is not T-invariant, 
there exists an element 71 G T such that l\ := 71 (Iq) ^ Iq (we notice that 
h C A(7i7o7 1 " 1 ) C C(r)). Let qo be the intersection point of Iq and l\. If 
7(^0) passes through go for every 7 G T, then qQ is a T-fixed point, which 
cannot happen. Thus, there exists 72 € T such that I2 ■= 72(^0), ^1 and Iq 
are in general position, and we see that I2 C A(727o7 2 ~ 1 ) C C(T). □ 

Example 3.3. Let a and /3 in PSL(3,C) be the elements induced, respec- 
tively, by the matrices 



ED that U C Eq(T) = fl(T). 



□ 
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Let G be the group {A,B} C GL(3,C), and F = (a,P) C PSL(3,C), 
then r is a discrete group, it has no fixed points nor invariant lines and 
A(r) = C(r) = ei,e 2 U e 2 ,e 3 U e 3 ,ei. 

Proof, a) The group G is a discrete, so T is a discrete group. In order to 
proof this statement, we use the norm in {g € GL(3, C) : detg = ±1} given 
by ||g|| = max \gij\. We notice that each element in G is given by one of the 
following matrices: 

2 mi \ / 2 mi \ / 2 mi \ 
2 ma , 2 m2 0,0 2 m2 , 
2 ma / \ 2 ma / \ 2 m3 / 

where m.i,m 2 ,m 3 6 Z and mi + m 2 + m 3 = 0, because the set H of such 
matrices, is a group, and A 6 H, B 6 H. Since G C H, it suffices to prove 
that H is a discrete group, and , for this, we only need to check that, for 
every k > 0, the set {h 6 H | ||h|| < k} is finite. Let us assume that \\h\\ < k 
and, without loss of generality, mi = maxjmi, rri2, m^} > 0, then 

< mi < log 2 k, 

— log 2 k < m 2 + m 3 < 2 log 2 /c. 

We have two cases according to whether m 2 and m 3 are both negative or 
TOim 2 < 0. In any case, there are finitely many values of mi,m 2 ,m 3 under 
these conditions. 

(b) The group V has no fixed points nor invariant lines, because every 
fixed point of a is not fixed by f3, and every a-invariant complex line is not 
/3-invariant. 

(c) A(r) = C(T) = et~^2 U e^ 3 U e^i. 

The Lemma 13.21 implies that C(T) flA(r) contains three complex lines in 
general position, then Theorem 10.21 implies that A(T) = C(T). It is not hard 
to check that A(7) = A(7 3 ), and 7 3 is given by a diagonal matrix, it follows 
that A(7 3 ) C et7e 2 U U e 3 , e\. Therefore C(T) C et7e 2 U e^e^ U e^ei, 
and it is not hard to see that ei, e 2 U e 2 , e 3 U e 3 , ei C C(T). □ 

Inspired by the last example we state the following Lemma. 

Lemma 3.4. If T C PSX(3, C) is an infinite discrete group without fixed 
points nor invariant lines, and C(T) contains more than three complex lines 
(not necessarily in general position) then C(T) n A(r) has at least four com- 
plex lines in general position. 

Proof. The proof of this Lemma is an extension of the proof of 13.21 so there 
exist three complex lines lo,h,h (in general position), contained in the set 
C(r) n A(r). Let go? Qi, Q2 be the intersection points of the pairs of complex 
lines Iq and li, li and Z 2 , Z 2 and Iq, respectively. Now we proceed by con- 
tradiction, we assume that there are not more than three lines (in general 
position) contained in C(T) n A(T), then for every 7 G T, the complex lines 
7(Zj) for j = 0, 1, 2 necessarily pass through one of the points qo,qi,q2- We 



THE LIMIT SET OF DISCRETE SUBGROUPS OF PSL(3,C) 



17 



can suppose, without loss of generality, that there exists one such line, Z3, 
distinct from Iq and l\, passing through qo- If there are no more lines of the 
form j = 0, 1, 2, then qo is fixed by the whole group T which cannot 

happen. Therefore, there exists another complex line I4 such that I4 is equal 
to for some 7 6 T and for some j = 0, 1,2, and Z4 passes through a 
point qi distinct from qo (because otherwise qo is fixed by T), then lo,l2,h, h 
are in general position. □ 

Lemma 3.5. Let 7 € PSL(3,C) be any element. Let us assume that l\ is a 
complex line contained in A(7), then for every complex line I different from 
l\ ( except, maybe, for a family of complex lines in a pencil of complex lines), 
some of the sequences of distinct complex lines, (j n (l)) n ^ or (7~ n (Z))neN 
goes to l\, as n — > 00. 

Proof. We split the proof in several cases according to the classification of 
the elements in PSL(3,C) given in [5]. 

(a) In the first case, we can assume that 7 has a lift of the form 

110 
10 
1 

then A(7) is the complex line e\, which is represented, in (P^)*, by [0 : 
1:0]. If I is a complex line represented in (P^)* by [A : B : C], then 
7 n (/),n G N is represented in (P^)* by 



[A(n):B(n):C(n)]:=[(A,B,C)\ 1 ] = [A : -nA + B : C] 




We obtain that [A(n) : Bin) : C(n)] — > [0:1:0], whenever A / 0, 
which implies that 7™ (Z) — > e\, e^, whenever I is a complex line not passing 

n— ¥00 

through the point [1 : : 0] G P|. 

b) We can assume that 7 has a lift of the form: 

C 1 

C I , id = 1, 



c 



-2 



then A(7) is the complex line ei,e% which is represented, in (P^)*, by [0 : 

re 

7 n (Z),n G N is represented in (P^)* by 



1:0]. If I is a complex line represented in (P^)* by [A : B : C], then 



_ n £-(n+l) 

[A(n):B(n):C(n)]:=[(A,B,C)\ C n 








-2;i 



Hence, 

[A(n) : B(n) : C(n)} = [A(~ n : -n(- {n+1) A + (" n B : Q 2n C]. 
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We obtain that \A(n) : Bin) : C{n)\ — > [0:1:0], whenever A ^ 0, 

n— s-oo 

which means that 7 n (Z) — > ei, e3, whenever £ is a complex line not passing 

through the point [1 : : 0] G P£. 

(c) We can assume that 7 has a lift of the form: 




In this case, A(7) is the complex line ei,e2 which is represented, in (P^)*) 
by [0 : : 1]. If I is a complex line represented in (P^)* by [A : B : C], then 
7 n (7),n G N is represented in (P^)* by 



[A(n):B(n):C(n)] := [(A,B,C) 

Hence, 




n(n + 1) 



[A{n) : B(n) : C(n)] = [A : -nA + 5 : v M - nB + C], 



and it follows that [A(n) : B(n) : C(n)] — > [0:0:1], which means that 

n— s-oo 

7 n (7) — > ei,e2 for any line L 

n— s-oo 

(d) We can assume 7 has a lift of the form 

ICI>1. 






In this case A (7) is equal to the union of the complex lines e\, e2 and e\, e% 
which are represented in (P^)*, by [0 : : 1] and [0:1: 0], respectively. If 
I is a complex line represented in (P^)* by [A : B : C], then 7™(Z),n G N is 
represented in (P^.)* by 

[A(n):B(n):C(n)\ := [(A,B,C) 

Hence, 

[A(n) : B(n) : C(n)] = [A(~ n : -nC {n+l) A + C n B : ( 2n C\ 
= [AC 3n : -nC -3 " -1 ^ + C 3n B : C]. 
So that [A(n) : B{n) : C(n)] — > [0:0:1], whenever which means 

n— s-oo 

that j n (l) — >■ ei,e2, whenever I is a complex line not passing through the 

n— s-oo 

point [0 : : 1] G P£. 
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Now, if I is a complex line represented in (P^)* D Y [A : B : C], then 
7~™(Z),n € N is represented in (P^)* by 

/ c n < n_1 o \ 

[A(-n):fl(-n):C(-n)]:=[(A,S,C) C n ] 

\ c~ 2 ™ / 

Hence, 

L4(-ra) : B(-n) : C(-n)] = [( n A : nC^A + ( n B : C 2n C] 

= [A:nC l A + B :C Zn C] 
= [A/n: AC 1 + B /n : C 3n C /n}. 

Thus, \A(-n) : B(-n) : C(-n)] — > [0:1:0], whenever A ^ or B ^ 0, 
which implies that 7 _n (Z) — > e±, e%, whenever Z is a complex line different 

n— >oo 

from e±, e.%. 

The remaining cases are proved in a similar way. □ 

We define the set £ (V) as the subset of (P^)* consisting of all the complex 
lines Z for which there exists an element 7 £ T such that Z C A(7). Also we 
define E(T) as the subset of P^ given by E(T) = Uze£(r) ^ ^ s n °t bard to 
see that E(T) C C{T) and E(T) = U/ 6 £7n 

Remark 3.6. If £(T) contains at least two distinct complex lines, then 

c(r) = £(r) = XH = U L 

Proof. We need only to consider the case when A(7) has the form Z U {p}, 
where Z is a complex line and p is a point. By hypothesis, there exists a 
complex line l\ G £(T) such that Zi 7^ Z. If Zi passes through p thenp G -^(T), 
so we can assume that l\ does not pass through p and it follows that one 
of the sequences of lines 7™(/i) or 7~ n (Zi) goes to a complex line in S(T) 
passing through p, as n — > 00. Therefore p £ E(T) and C(T) C -E/(T). □ 

Lemma 3.7. If T C PSL(3,C) is a discrete group and £(T) contains at 
least four complex lines in general position, then £(T) C (P^)* is a perfect 
set. Hence, C(T) is a non-numerable union of complex lines. 

Proof. It suffices to prove that that each complex line in £ (T) is an accumu- 
lation line of lines lying in £(T). Furthermore, it is sufficient to prove that 
each complex line in £ (T) is an accumulation line of lines lying in £(T). Let 
l\ be a complex line in £(T), then there exists 7 £ T such that l\ C A(7). 
By the Lemma l3.5l and given that £ (T) contains at least four lines in general 
position, we have that there exists a line Z in £(T) such that some of the 
sequences of distinct lines in £(T), (7 n (Z)) n6 N or (7 _ra (Z)) ng N goes to l\ as 
n — > 00. □ 
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Proof of Theorem \0.3l a) By Lemma 13.2} the set A(r) n C(T) contains at 
least three complex lines in general position, then by Theorem 12.61 we have 
that Eq(T) = fi(T). 

If U C Pj^ is a T-invariant open set on which T acts properly and discon- 
tinuously, then, by Theorem ll.3( there exists a complex line I contained in 
\ U. Given that T does not have invariant lines nor fixed points, then 
P^\U contains at least three complex lines in general position. Hence, by 
Theorem 12.51 U C Eq(T) = 0,(T). Therefore fi(r) is the maximal open 
set on which T acts properly and discontinuously. The proof that every 
connected component of £l(T) is complete Kobayashi hyperbolic is obtained 
imitating the proof of Lemma 2.3 in [lj, and of the main Theorem in [TJ. 

(b) The equality A(T) = C(T) follows from the Lemma 13.21 and the The- 
orem 10.21 Conexity follows from the facts that two distinct complex lines 
always intersect and a complex line is path-connected. 

(c) The Lemma 13.71 implies that £ (T) is a perfect set. Now, if T> C (P^.)* 
is a non-empty, closed T-invariant subset, then there is a complex line I G T> 
and the set {^(1) | 7 € T} contains at least three complex lines in general 
position. It cannot happen that {*y(l) | 7 G T} contains only three complex 
lines because in such case A(T) would consist of only three complex lines, 
a contradiction. Therefore, there are more than three complex lines in the 
set {7(Z) I 7 G T} and imitating the proof of the Lemma 13.44 we obtain that 
{7(0 I 7 ^ r} contains four lines in general position. Therefore, T> contains 
four lines in general position. Let 7 be an element in T, applying the lemma 
13.51 we deduce that every complex line contained in A(7) is contained in T>, 
then £(T) C V. □ 
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